There is presently a great interest in studying static and dynamic properties of highly charged ions that can be produced in large particle accelerators, like that at GSI in Darmstadt. To perform corresponding theoretical calculations with great accuracy requires a highly developed machinery of computational methods that have not until recently been available. In order to combine many-body perturbation theory with quantum electrodynamics, the calculations have generally to be performed in the Coulomb gauge, where applications have not been so developed as in, for instance, the Feynman gauge. Formulas for the free-electron self energy and vertex correction have been given without derivation by Adkins (Phys. Rev. D27, 1814 (1983); Phys. Rev. D34, 2489 (1986)). In the present paper the formulas of Adkins are verified with detailed derivations.
Introduction
There is now an increased interest in studying the effects of quantumelectrodynamics in combination with electron correlation in electronic systems, particularly in connection with experiments on highly charged ions (see ref. [1] and references therein). In order to take full advantage of the development in atomic many-body theory [2] , it is necessary to perform the calculations in the Coulomb gauge. Dimensional regularization in that gauge is more complicated than in, for instance, the Feynman gauge and has to date to our knowledge not been used in practical calculations. Such calculations have now been performed at our department [3] , and as a background we have reconsidered the formulas derived by Adkins some time ago [4, 5] . Adkins gives only the final results without any derivation, and we have found that it might be useful to produce full derivations of the formulas. One derivation is reproduced here, and an alternative treatment is being published separately [6] .
In the book cited above [1] the dimensional regularization of the freeelectron self-energy and vertex correction are treated in the Feynman gauge and the self-energy also in the Coulomb gauge, while the vertex correction in the latter gauge was found to be too complex to include in the book. For that reason it is instead reproduced here.
Free-electron self energy in Coulomb gauge
We shall mainly follow Adkins [4] in regularizing the free-electron self energy in the Coulomb gauge. 1 We start from the expressions for the self-energy (c = 1)
and for the photon propagator
δµ,0δν,0 k 2 − δµ,iδν,j gij + kikj k
The three terms in the propagator correspond to the Coulomb, Gaunt and scalar-retardation parts.
Coulomb contribution
The Coulomb part of the self energy becomes
using the commutation rules in Appendix A (Eq. 55). With q = −p and s = p 2 − m 2 the denominator is of the form k 2 + 2kq + s and we can apply the formulas (64) and (65) in Appendix B for dimensional regularization with D = 4−ǫ (n = 1). This gives with k 0 → −q 0 = p 0 , ki → −qiy = piy,
The Gamma function can be expanded as
where γE = 0.5722... is Euler's constant, and furthermore
where
This leads to the Coulomb contribution (3), omitting the factor m −ǫ/2 ,
where in relativistic units
and w = m 2 y X, X = 1 + (p 2 /m 2 )(1 − y). This leads to
and the Coulomb part (3) of the free-electron self energy becomes (times K)
Gaunt contribution
The Gaunt term becomes, using Eq. (1) and the second term of Eq. (2),
2 c = ǫ 0 = 1, e 2 = 4πα (α fine-structure constant)
Using the Feynman integral (69) (second version) in Appendix C with a = k 2 and b = (p − k) 2 − m 2 c 2 , this can be expressed
after applying the commutation rules in Eq. 56. With the substitutions k → −q = px and s = (p 2 − m 2 )x we can apply the equations (61 and 62) in Appendix B, leading to
This yields the Gaunt contribution (9) (times K)
using the relation (5) and the fact that ǫ ∆ → 2 as ǫ → 0. Then the Gaunt part of the free-electron self energy becomes
Scalar-retardation contribution
Finally, the scalar-retardation part becomes similarly, using the third term of Eq. (2) and the commutation rules (53),
With the same substitutions as in the Gaunt case this becomes
With the substitutions k → −q = px and s = (p 2 − m 2 )x the first part is of the form Eq. (61) and Eq. (62) in Appendix B and becomes
and with Eq. (5)
with K = e 2 /(ǫ 0 (4π) 2 ) and w being the same as in the Gaunt case, 
Zxy Integration by parts of the first term yields (times K), noting that dZ/dy = −p 2 x,
The total scalar-retardation part then becomes (with
Then the scaler-retardation part of the free-electron self energy becomes
Summarizing all contributions yields the mass-renormalized free-electron self energy in the Coulomb gauge
where we have subtracted the on-shell ( p = m) value, Km(3∆ + 4) (which is the same as in the Feynman gauge [1, Eq. (12.103)]). The expressions for X, Y, Z are given in the text. The result is in agreement with that of Adkins [4] .
Free-electron vertex function in Coulomb gauge
Next, we consider the free-electron vertex function in the Coulomb gauge and start from the expression [5, Eq. (1)]
We restrict ourselves here to the case, where γ σ = γ 0 , which implies that the interaction at the vertex is scalar and can be the Coulomb interaction with the nucleus or with another electron.
Coulomb contribution
Inserting the Coulomb part of the photon propagator (2) into the vertex expression (17), yields
Using the relation p γ 0 = γ 0 p (see Appendix A) and the Feynman parametrization (69) in Appendix C, this leads to
the denominator is of the form k 2 + 2kq + s. Introducing the dimension D = 4 − ǫ, we then have
and we can then apply the formulas Eq. (64) to Eq. (66) in Appendix B. In Eq. (65) and the first part of Eq. (66) we make the substitution
and in the second part of Eq. (66)
This yields in analogy with the self energy
With Eqs (5) and (7) we have in the limit ǫ → 0
and after partial ¡integration
Here,
with
The expression Eq. (19) then becomes
This can also be expressed
the numerator in Eq. (22) becomes
The Coulomb contribution to the free-electron vertex function then becomes
which agrees with the result of Adkins [5] R 0 x with
Gaunt contribution
For the Gaunt part we have
and, using the parametrization (71) in Appendix C and the commutation rules in Appendix A, this becomes
We can now apply the formulas (61) to (63) in Appendix B with k → −q = (x − y)p + p ′ y in Eq. (62) and first part of Eq. (63) and k µ k ν → −g µν /2 in the second part and
This Agrees with Adkins' ∆ y [5] . The Gaunt part (25) then becomes with the substitution y → xu
The evaluation will be made below together with the Gaunt-like part of the scalar retardation.
Scalar-retardation contribution
The scalar-retardation part becomes similarly
with (as in the Gaunt case)
and the numerator in Eq. (29) becomes
Gaunt-like part
The parts involving k 2 can be evaluated as the Gaunt part,
which together with the Gaunt part Eq. (26)
gives (for the time being omitting ǫ)
We can now evaluate the entire Gaunt-like contribution by replacing N um in Eq. (28) by N umG,
and adding the contribution due to ǫ in Eq. (31). The substitution in the second part gives
The omitted ǫ-dependent contribution in Eq. (32) is −ǫ. This gives the Gaunt-like contribution (33)
Partial integration of the log term yields (where according to Eq. 27
The result Eq. (34) then becomes
The constant factor can be moved to the numerator as −4w = −4x 2 w ′ − 4xw ′′ , which yields with w = x∆ y
Here, the numerator becomes
or with
Here, q A = (1 − u)p + up ′ and
The scalar part of the last line in Eq. (40) becomes
and the double vector part of the last two lines
The Gaunt-like contribution then becomes
where w + w ′ is given by Eq. (39). This agrees with the result of Adkins [5] .
Non-Gaunt-like part
For the remaining "non-Gaunt-like" part of the scalar retardation (29) we apply the formulas (66) and (67) in Appendix B, leading to an expression of the type after the substitution y → xu
Here, with y = xu and
This gives
which agrees with Adkins with x → s ; u → u ; z → x [5] .
We can now express the non-Gaunt part (43) as
The non-Gaunt-like part of the numerator Eq. (30) is
In the first part of Eq. (66) and Eq. (67) we then make the replacements (c.f. Coulomb contribution)
which gives
The third line can be expressed
with A + B = q 2 A . C 1 can be reexpressed as
which leads to
In the second part of Eq. (66) we make the replacement
The numerator in the second part of Eq. (43)is then
The non-Gaunt-like contribution to the free-electron vertex function then becomes
which agrees with Adkins [5] with
We have now verified the formulas of Adkins for dimensional regularization in the Coulomb gauge of the free-electron self energy and vertex function for µ = 0.
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A Relations for the alpha and gamma matrices
Taken from ref. The gamma matrices satisfy the following anti-commutation rule:
where A is defined
This leads to
With the number of dimensions being equal to 4 − ǫ, to be used in dimensional regularization, the relations become
B Formulas for dimensional regularization
Taken from ref. 
